Abstract: Multi-sensor data fusion technology based on Dempster-Shafer evidence theory is widely applied in many fields. However, how to determine basic belief assignment (BBA) is still an open issue. The existing BBA methods pay more attention to the uncertainty of information, but do not simultaneously consider the reliability of information sources. Real-world information is not only uncertain, but also partially reliable. Thus, uncertainty and partial reliability are strongly associated with each other. To take into account this fact, a new method to represent BBAs along with their associated reliabilities is proposed in this paper, which is named reliability-based BBA. Several examples are carried out to show the validity of the proposed method.
Introduction
In practical applications, there are various interferences in the working environment. Sensor data fusion technology can combine the related information from multiple sensors to enhance the robustness and safety of a system [1, 2] . Hence, this technique has received significant attention in many fields, such as target tracking and recognition [3, 4] , complex network [5] [6] [7] and image processing [8] [9] [10] . Besides, information gathered from sensors is usually uncertain due to the change of the environment. It can degrade the performance of the information fusion system. Thus, how to handle uncertain information is a vital issue in the sensor fusion system. To solve this problem, many theories are presented by domestic and foreign scholars. Fuzzy sets theory was first introduced by Zadeh [11] in 1965 as an extension of the classical notion of set. It can be used in a wide range of domains in which information is incomplete or imprecise [12] [13] [14] . Dempster-Shafer evidence theory (evidence theory) acts as the pioneer in data fusion algorithms, which was proposed by Dempster [15] and extended by Shafer [16] subsequently. It is capable of managing epistemic and aleatoric uncertainty due to its framework. Possibility theory was introduced in 1978 by Zadeh [17] . It describes reasonably the meaning of information, especially the meaning of incomplete information within a possibilistic framework [18] [19] [20] [21] , which could be seen as the theory interconnecting fuzzy sets and evidence theory.
Within these theories, evidence theory has a good performance to process the uncertain information without the prior probability, which contributes to its wide application [22, 23] . However, counter-intuitive results may be obtained when dealing with highly conflicting evidence. A famous example was illustrated by Zadeh [24] . Since then, many methods have been proposed to address this issue [25] [26] [27] . Martin et al. [28] proposed a conflict measures of a group of experts based on the distance of basic belief assignments. Smarandache et al. [29] presented a new normalization of a measure called contradiction to characterize the degree of discord or conflict inside a body of evidence. Martin [30] defined a conflict measure to quantify how the focal elements of two mass functions are included together. Deng et al. [31] considered a biological and evolutionary perspective to study the combination of evidences. Another open issue in evidence theory is how to determine The rest of this paper is organized as follows. The relevant concepts of evidence theory and pignistic probability are briefly recalled in Section 2. In Section 3, a reliability-based BBA is proposed. In Section 4, this method is compared with other methods by several examples. The conclusion is presented in Section 5.
Preliminaries
In this section, the relevant concepts of evidence theory and pignistic probability are briefly recalled.
Dempster-Shafer Evidence Theory
Evidence theory was introduced by Dempster [15] and then developed by Shafer [16] . It includes the following concepts: frame of discernment, mass function and Dempster's combination rule, etc. These concepts contribute to its good performance in handling the uncertainty information [45] [46] [47] .
Frame of Discernment
Let Θ be a set of N mutually-exclusive and collectively-exhaustive hypotheses, defined as:
where Θ is called a frame of discernment. The power set of Θ is composed with 2 Θ , namely:
where ∅ is denoted as the empty set. The N subsets containing only one element each are called the singleton subset proposition; the subsets containing more than one element each are called the compound subset proposition.
Mass Function
A mass function m is a mapping from 2 Θ to [0, 1] , formally defined as:
which satisfies the following conditions [16] :
The mass function m is also called the BBA function. Any subset A of 2 Θ , such that m(A) > 0, is called a focal element.
Dempster's Combination Rule
Suppose m 1 and m 2 are two mass functions in the same frame of discernment. Dempster's combination rule, which is denoted as m = m 1 ⊕ m 2 , is defined as follows [15] :
where:
Here, k is regarded as a measure of conflict between m 1 and m 2 . The value of k is larger, and the conflict between the evidence is larger.
Discounting
Assuming that a BBA has a support degree of α, where 0 ≤ α ≤ 1, then this BBA is discounted by the following discounting rule [16] :
where A is any subset of the power set of the frame of discernment Θ.
Pignistic Probability
The pignistic probability function is introduced by Smets and Kennes [48] for decision making. Its procedure corresponds to the insufficient reason principle: if you need to build a probability distribution on n elements, given a lack of information, give a probability 1/n to each element. This procedure is repeated for each mass m. Let BetP be the pignistic probability distribution so derived. For all propositions A ∈ Θ,
where ∅ is denoted as the empty set. B is the proposition in mass function m, and |B| is the cardinality of B.
The Proposed Method
In this section, the method of generating reliability-based BBA is given in detail. As shown in Figure 1 , the method is expounded from five parts. In the first part, the models of training samples are built using the Gaussian membership functions. In the second part, according to the matching degree between the test sample and the attribute model, the first component BBA is generated, which is based on a previous work in the literature [49] . In the third part, the second component R (reliability of BBA) is measured, where both the similarity among classes under a certain attribute (static state) and the distance between the test sample and the models (dynamic state) are taken into account. The main contribution of this paper focuses on this part. Then, a reliability-based BBA (BBA, R) is obtained. Each (BBA, R) is discounted by the obtained reliability. Finally, these reliability-based BBAs are fused based on Dempster's combination rule. At the stage of modeling of sensor information, the uncertainty and the reliability of the information source are simultaneously considered in the proposed method, which can obtain a more adequate construction for the description of real-world information. Step 1
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The Modeling of Each Attribute
Due to the change of environment, the sensor data have usually a certain degree of fuzziness. In this case, the membership function can be used to represent the sample feature. Besides, there are some interruptions in the working process of the sensor, such as the mechanical noise and electromagnetic waves. In this case, the probability density function of the measured value of the same physical quantity is generally regarded as a form of Gaussian distribution. The Gaussian distribution possesses the following advantages [50] : first, if the error can be seen as the superposition of many independent random variables, then the error is supposed to have the form of the Gaussian distribution based on the central limit theorem. Second, many of the probability distributions of random variables in production and scientific experiments can be approximately described by the Gaussian distribution. Hence, the modeling of the training samples is built based on the Gaussian membership function in this paper.
Assuming that X is a sample space of the training set, then the Gaussian membership function of each attribute is defined as follows:
µ(x) can be gained by the following steps:
1. Suppose that there are n classes, namely the frame of discernment
For the training samples of class θ i in the j-th attribute, the mean value X ij and the standard deviation σ ij are calculated respectively as follows:
where i = 1, 2, · · · , n and j = 1, 2, · · · , k. N is the training sample size of class θ i . x ijl is the attribute value of the j-th attribute from the l-th training sample in class θ i .
3. The Gaussian membership function of the j-th attribute of class θ i is generated as follows:
where −3σ ij ≤ x ≤ 3σ ij , i = 1, 2, · · · , n and j = 1, 2, · · · , k.
Reliability-Based BBA Generation Method
In this section, a reliability-based BBA is introduced from two parts: one is the determination of BBA; another is the reliability measurement of BBA.
The Determination of BBA
In this section, a nested structure BBA function is introduced. As described in Figure 2 , a singleton subset proposition is modeled by a Gaussian membership function. For example, the singleton subset proposition {A} is produced by the membership function µ A (x). The proposition with two elements is represented by the intersection of two singleton subset propositions. For instance, the compound subset proposition with two elements {AB} can be constructed as follows:
Namely, {AB} is defined by the intersection µ AB (x) of {A} with {B}. Further, a compound subset proposition with three elements can be constructed by the intersection among three singleton subset propositions. For example, {ABC} can be constructed as follows: Suppose that G(G ⊂ 2 Θ ) is a proposition and t is the feature information of a test sample under a certain attribute. The matching degree between t and G implies the plausibility of this test sample belonging to this proposition, which is defined as follows:
where G can be a singleton subset proposition or a compound subset proposition. Equation (13) indicates that the plausibility is determined by the intersection between functions µ G (x) and x = t.
That is, the plausibility of a test sample belonging to these propositions {A}, {AB} and {ABC} is denoted respectively as follows:
Then, the plausibility function, which measures the matching degree between the test sample and class proposition, is used to determinate BBA in this paper. Note that when the plausibility of a singleton subset proposition is equal to the plausibility of a compound subset proposition, this plausibility is only assigned to the compound subset proposition as its BBA. For example, as shown in Figure 3 , for the test sample x, the plausibility of this test sample belonging to each proposition can be given as:
Then, the BBA of each proposition is obtained as follows:
where since Pl(B|t) = Pl(BC|t) = p 2 , the plausibility p 2 is assigned to the compound subset proposition BC, namely m(BC) = p 2 , but m(B) = 0. Considering that the cumulative sum of the above gained BBAs may not be equal to one, the following rules are given to normalize BBAs: if the total sum is greater than one, these BBAs are normalized; if the total sum is less than one, the redundancy belief value 1 − ∑ BBA is assigned to the universal set Θ, namely that is assigned to the unknown.
The Measurement of the Reliability of BBA
As shown in Figure 4 , there exist two kinds of potential possibility of false classification: one is that class A is incorrectly recognized as class B, which is defined as P(B | A); the other is that class B is incorrectly recognized as class A, which is defined as P(A | B). The potential possibility leads to the generated BBA being not wholly reliable. This issue is not considered in the existing BBA methods. To address this issue, a method of measuring the BBA reliability is proposed in this paper. )dx is larger, the similarity among classes is larger, then the possibility of generating the false BBA is larger, and vice versa. As analyzed above, a method of measuring the reliability of BBA is proposed based on the similarity among the attribute model, which is detailed as follows.
In the attribute j(j = 1, 2, · · · , k), the similarity between Classes 1 and 2 is defined as: Then, a similarity matrix of the j-th attribute, SM j , is obtained as follows:
where sim j il (i, l = 1, 2, · · · , n) is the similarity between class i and class l in the j-th attribute. Finally, based on the static model of the j-th attribute, the reliability of BBA generated from the j-th attribute is denoted as follows:
where
is the similarity between class i and class l in the j-th attribute. Obviously, R s j implies that the larger the similarity, the lower the reliability of BBA generated from this attribute model.
The dynamic reliability index based on the test samples:
The static reliability index shows that the overlapping area among classes is larger, the similarity is larger, the possibility of generating the false BBA is larger, then the reliability of the generated BBA is smaller. This index can reflect that the reliability of BBA is affected by some static factors, such as the similarity among classes. However, the reliability of BBA is also affected by the test samples. For example, as shown in Figure 5a , although classes B and C have a large overlapping area, it is almost impossible that the test sample x 1 from class A is incorrectly classified as class B or C. In this case, the overlap degree between class B and C has little negative influence on the reliability of the generated BBA; whereas, in Figure 5b , the test sample x 2 from class C is easily incorrectly classified as class B. In this case, the overlap degree between classes B and C has a large negative influence on the reliability of the generated BBA. As analyzed above, the reliability of BBA is related to the test samples. To reflect this influence, a risk distance d is introduced in this section. It is denoted as the distance between the test sample and the overlapping area among attribute models. If the distance is larger, the influence of the overlapping area is smaller, the risk of the incorrect classification is smaller, then the reliability of the generated BBA is larger, and vice versa. The risk distance is produced as follows.
In the attribute j(j = 1, 2, · · · , k), p j 12 is the maximum of the intersection between Class 1 and Class 2, namely the vertex of the overlapping area between Class 1 and Class 2. In this section, p j 12 is taken as the reference point of this overlapping area. Hence, the distance between the test sample x j and the reference point p j 12 can be calculated to represent the risk distance. This reference point is defined as:
where µ 1 (x) j and µ 2 (x) j are the Gaussian membership functions of Class 1 and Class 2 in the j-th attribute, respectively. Then, a vector P j containing all reference points of the overlapping area among class i(i = 1, 2, · · · , n) in the j-th attribute is obtained as follows:
In the j-th attribute, the risk distance between the test sample x j and the reference points p j (n−1)n of the overlapping area between the classes µ j n−1 (x) and µ j n (x) is formulated as:
where D j represents the maximal interval comprised by all classes. Then, distance vector D * j of the j-th attribute is given as follows:
Finally, the dynamic reliability index based on the test samples of the j-th attribute is denoted as follows:
is the distance between the test sample x j and the reference points p j (l−1)l of the overlapping area between class µ j l−1 (x) and µ j l (x) in the j-th attribute. Obviously, R d j implies that the larger the risk distance, the larger the reliability of BBA generated from this attribute. 
Comprehensive reliability measure:
Based on the above analysis, a method of measuring the BBA reliability is proposed. This method, which considers the comprehensive reliability based on the attribute model and the test samples, is more reasonable and effective. It is denoted as follows:
where R s j and R d j are separately the static reliability index and the dynamic reliability index in the j-th attribute, which can be gained using Equations (17) and (22), respectively.
Suppose that there are K attributes of each class, the reliability of the generated BBA in the j-th attribute are normalized as:
where k = 1, 2, · · · , K.
According to Section 3.2.1 and Section 3.2.2, both the first component BBA and the second component R of reliability-based BBA can be acquired. Finally, the proposed reliability-based BBA (BBA, R) is obtained.
Sensor Data Fusion
In this paper, the reliability-based BBA is first translated into the classical BBA based on the discounting method [16] . After that, Dempster's combination rule can be used to fuse these BBAs.
Assuming that in the frame of discernment Θ = {θ 1 , θ 2 , · · · , θ n }, there are k reliability-based BBAs (BBA j , R j ), (j = 1, 2, · · · , k). Based on the discounting method, the BBAs generated from sensors are discounted as follows: (25) where R j is the reliability of BBA j of the j-th attribute.
Eventually, these reliability-based BBAs are fused using Dempster's combination rule. The maximum pignistic probability is taken as the decision-making criterion in this paper. Hence, the final mass function is transformed to pignistic probability, and the final decision-making can be done.
Numerical Example
To evaluate the validity of the reliability-based BBA, several experiments of two datasets and a fault diagnosis are performed in this section.
Experiments on Two Datasets: Five-Fold Cross-Validation
In this section, two kinds of datasets, including Iris and Wine, are selected from the UCI databases (UCI Machine Learning Repository: http://archive.ics.uci.edu/ml/datasets.html.) to evaluate the proposed method. Within these, the Iris dataset contains three classes of 50 samples each, and each class has four attributes, which is the well-known database in pattern recognition. The Wine dataset contains three classes, and each class has 13 attributes. First of all, the proposed method is compared with the method, which uses the same BBA method, but does not consider the reliability of BBA. The comparison results of five-fold cross-validation are shown in Figure 6 . The above results show that after considering the reliability of BBA, the recognition rates of two datasets are all increased to some extent. Namely, the proposed method that measures the reliability of BBA is valid and reasonable.
To further evaluate this method, a comparison experiment between our method and other classifiers is carried out. Here, we consider the following three kinds of classifiers: support vector machine with radial basis function (SVM-RBF), decision tree (REPTree) and naive Bayesian (NB). Within these, SVM and NB are both the top ten data-mining algorithms [51] . REPTree is also a well-known machine-learning algorithm. The comparison results of five-fold cross-validation are shown in Figure 7 . From the above experimental results, it can be found that: in the Iris dataset, the recognition rates of the proposed method and the classical classifiers are greater than 90%, namely they are all effective in this dataset. In the Wine dataset, the recognition rate of our method is 95.66%; NB is 85.27%; REPTree is 90.36%; and SVM-RBF is 37.18%. This shows that the proposed method has competitive performances contrasting with these selected classifiers. What is more, the reliability of BBA is measured at the stage of BBA generation, which is more reasonable.
An Application Example of Fault Diagnosis
To evaluate the validity of this method in engineering applications, a case study of the fault diagnosis of motor rotor is executed. There are three kinds of fault: F 1 = {Rotorunbalance}, F 2 = {Rotormisalignment} and F 3 = {Pedestallooseness}. Three vibration acceleration sensors and a vibration displacement sensor are placed in different installation positions to collect the vibration signal. Vibration displacement and acceleration vibration frequency amplitudes at the frequencies of 1×, 2× and 3× are taken as the fault feature variables. The relevant data are acquired from the literature [52] , which is cited in the Appendix. The method is compared with the method that does not consider the reliability of BBA and other classifiers, respectively. The comparison results of five-fold cross-validation are shown in Table 1 . The above experiments can evaluate the rationality and the effectiveness of the presented method well. The advantages of our method are concluded as follows:
• Based on the idea of the Z-number, an ordered pair (BBA, R) is proposed to represent BBA along with its associated reliability. The first component BBA is a mass function; the second component R is a measurement of the reliability of the first component. According to this ordered pair, the reliability of BBA can be measured well at the stage of BBA generation.
•
In the process of measuring the reliability of BBA, the information about two things is taken into account. One is the similarity among classes (static information). Another is the risk distance between the test samples and the overlapping area among classes (dynamic information). This makes the results truer and more credible.
The proposed method is based on a feasible method of measuring the reliability of BBA, which can be replaced with other measure methods for different applications. Namely, this method is flexible and easy to extend in many applications.
Conclusions
In the multi-sensors data fusion based on evidence theory, how to determine BBA is an open issue. In this paper, a novel method named the reliability-based BBA is proposed. Within this method, first, the models of training samples are built using the Gaussian membership functions. Second, the BBA of every test sample is generated based on the matching degree between the test sample and the attribute model. Then, the reliability of BBA is measured according to both the similarity among classes and the risk distance between the test samples and the overlapping area among classes. Finally, a reliability-based BBA can be generated. Several performed experiments verify that the proposed method is effective. In the future, we will try to apply the proposed method to more practical applications and research a new combination rule for reliability-based BBA. 
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Appendix A. Experimental Data of Fault Diagnosis
There are three kinds of faults in a motor rotor: F = {X, Y, Z} = {Rotorunbalance, Rotormisalignment, Pedestallooseness}, which has four fault feature variables. At the same time interval, each fault feature of each fault is continuously observed 40 times, which is taken as a group of observations. A total of five groups is measured in each fault feature of each fault. Hence, i = 1, 2, 3, 4 respectively represent four fault feature variables: displacement, acceleration frequency of 1×, 2× and 3×. j = 1, 2, 3, 4, 5 respectively represent the group numbers of the measured data. Five groups of observations of each feature variables of each fault are shown in Table A1 . Table A1 . Experimental data of fault diagnosis [52] . 
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